In this paper we consider a discrete-time finite-horizon asset liability management problem for defined benefit pension plan in a regimeswitching economy. The performance criterion function consists of quadratic and linear terms, representing the solvency and contribution risks, and the under-funding and over-contribution risks, respectively. We obtain the optimal solution from a discrete-time Markovian jump linear quadratic control problem, which depends on the regime of the market over the investment planning horizon. This solution approach provides a numerically easy and ready to use formulation.
Introduction
Pension funds play an important role in the financial markets and the economy in general, because of their high investment capacity and the fact they complement public pension improving income stability at retirement, so that the study of the optimum management of pension plans is a relevant issue. Particularly, the asset liability management (ALM) has a crucial role to assure the solvency of pension plans. In this paper we study the ALM problem applied to defined benefit (DB) pension plans to find an optimal investment policy and contribution that minimizes the risk of insolvency.
The optimal ALM problem for DB pension plans is widely studied in the literature under different aspects such as market model, performance criterion function and time horizon. Josa-Fombellida and Rincon-Zapatero [7] study a continuous-time ALM problem where the benefit and the risky asset follow jump diffusion processes over an infinite horizon. Hainaut [6] deals with an ALM problem in continuous time and finite horizon with a regime-switching economy. Chen and Hao [2] incorporate both continuous-time Markov regimeswitching and jump-diffusion in an infinite horizon. Costa and Paulo [4] consider a multi-period ALM control problem under a discrete-time Markov regime-switching and infinite horizon. Costa and Okimura [3] consider a multiperiod discrete-time optimal ALM problem with regime-switching under meanvariance criterion. In this paper we consider an intertemporal ALM problem for defined benefit pension plans with regime-switching in a discrete-time finitehorizon framework.
Differently from Costa and Paulo [4] , which consider an infinite-horizon performance criterion function with only quadratics terms, we focus on a finitehorizon performance criterion function with quadratic and linear terms. Based on the work of Chang et al. [1] we also consider the solvency and contribution risks as the quadratic terms and the under-funding and over-contribution risks as the linear terms. The problem is formulated and solved as a discrete-time Markovian jump linear quadratic control problem, whose optimal solution is of a mode-dependent kind, that is, it depends on the regime of the market over the investment planning horizon. When compared with some previous works on the subject our approach has the advantage of providing a numerically easy and ready to use formulation, since it is based on some closed expressions inherent to the optimal stochastic control problems.
Problem formulation
We assume that the market mode is divided into N different regimes which are described by a Markov chain, {θ(t); t = 0, 1, . . . , T − 1}, with values in {1, . . . , N } and transition matrix P(t) = [p ij (t)], where T is the investment planning horizon. The variable θ(t) characterizes the market mode at instant t and establishes how the prices are expected to vary from time t to time t + 1. Furthermore, we consider that the market consists of n financial assets whose prices are represented by the random vector S(t) = (S 1 (t) . . . S n (t)) and the vector of returns R θ(t) (t) = (R θ(t),1 (t) . . . R θ(t),n (t)) is decomposed as R θ(t) (t) = η θ(t) (t) + Σ 1/2 θ(t) (t)w s (t), where Σ i represents the covariance matrix of the returns when the market operation mode is θ(t) = i (with i = 1, . . . , N ), η i the vector of expected returns and w s (t) a vector of random variables with a null mean and covariance matrix equal to the identity matrix and independent of the Markov chain {θ(t)}. We denote for i = 1, . . . , N ,
Let {B(t); t = 0, 1, . . . , T − 1} be the sequence of the total benefit outgo satisfying the following recursive equation
where for each i = 1, . . . , N ,φ i (t) ≥ 0 and φ i (t) ≥ 0. The sequence of random variables {w φ (t); t = 0, 1, . . . , T − 1} are null mean independent random variables with variance equal to 1 and are assumed to be independent of the Markov chain {θ(t)} and {w s (t); t = 0, 1, . . . , T − 1}.
We describe now the relationship between the value of the fund (reserve that we have), F (t), the benefit, B(t), and the contribution, C(t), considering regime-switching in the financial market as described above. Let U (t) denote the amount of money invested in asset , with = 1, . . . , n, and F U (t) the value of the investment portfolio associated with investment strategy U (for simplicity we will omit the subscript U ). Taking U (t) = (U 1 (t) U(t)) , with U(t) = (U 2 (t) . . . U n (t)) , and
, where e is a vector of ones of suitable dimension and C(t) is the total amount of contribution at time t. Then, we can write the following expression for the value of the fund:
Similar to the benefit outgo, we assume that the sequence of actuarial liability (reserve that we should have), {AL(t); t = 0, 1, . . . , T − 1}, satisfies the following recursive equation AL(t + 1) = (ψ θ(t) (t) + ψ θ(t) (t)w ψ (t))AL(t), where for each i = 1, . . . , N ,ψ i (t) ≥ 0 and ψ i (t) ≥ 0. The sequence of random variables {w ψ (t); t = 0, 1, . . . , T − 1} are null mean independent random variables with variance equal to 1 and are assumed to be independent of the Markov chain {θ(t)}, {w s (t)} and {w φ (t)}.
Let N C(t) denote the total target contribution (normal cost) at time t. The ALM control problem studied in this paper consists of finding the investment strategy U = (U(0), . . . , U(T − 1)) and the optimal contribution C = (C(0), . . . , C(T − 1)), that minimize the following performance criterion function
subject to
where δ i (t), ξ i (t), ρ i (t) and i (t) are positive numbers and α = 1/(1 + r) is a discount factor (where r is the valuation interest rate). Note that the decision variables are given by the total contribution C(t) and by the elements of the vector U(t) = (U 2 (t) . . . U n (t)) , with U 1 (t) = F (t) − n l=2 U l (t). The trade-off between the terms solvency risk (F (t) − AL(t)) 2 , contribution risk (C(t) − N C(t))
2 , under-funding risk (AL(t) − F (t)) and over-contribution risk (C(t) − N C(t)) is balanced by the weights δ i (t), ξ i (t), ρ i (t) and i (t), respectively.
Optimal solution
We first define x(t) = α t/2 (F (t) B(t) AL(t)) , with α ∈ (0, 1), and set
where e is the (n − 1)-dimensional column vector of ones and I is an identity matrix. On a probabilistic space (Ω, P, F), the dynamic equations (2) can be represented by the following Markov jump linear system
with x(0) = x 0 and θ(0) = θ 0 .
We now write F τ as the σ-field generated by {(θ(t), x(t)); t = 0, . . . , τ }, and write U(τ ) = {u τ = (u(τ ), . . . , u(T −1))}, where u(k) is an m-dimensional random vector with finite second moments F k -measurable for each k = τ, . . . , T − 1. Setting u(t) = α t/2 (U(t) C(t)) and
we have that minimizing the performance criterion function (1) is equivalent to minimizing the following cost function for u 0 ∈ U(0)
Finally, considering the expressions (3) and (4), the problem (1)- (2) can be formulated as follows:
Then, we have that solving the ALM problem (1)- (2) is equivalent to solving the control problem (5) whose solution is derived in Costa and Paulo [7] . Using the results presented by the authors, particularly in Theorem 2, the optimal solution for the problem (1)- (2), with i = 1, . . . , N and k ∈ {0, . . . , T − 1}, is given by
in which the operators R i , G i and H i are given by
where Z = (Z 1 , . . . , Z N ) is a set of matrices. The set of matrices P(k) = (P 1 (k), . . . , P N (k)) are given by the difference equations
with k = T, T −1, . . . , 0, and terminal condition given by P i (T ) = Q i (T ), while the set of matrices V = (V 1 (k), . . . , V N (k)) are obtained from P(k) and the difference equations
with terminal condition given by V i (T ) = L i (T ). Since Q i (k) ≥ 0 and M i (k) ≥ 0, the only condition to apply the solution (6) is + 1) ). The notation X † means the MoorePenrose inverse of a matrix X. Note that the optimal solution (6) is of a mode-dependent kind, that is, it depends on the mode of operation of the market at each instant t ∈ {0, . . . , T − 1}.
Numerical example
Based on the work of Liu and Chen [8] , we consider three regimes to represent the states of the market: the bull regime (i = 1), the consolidation regime (i = 1) and the bear regime (i = 1). Transitions between these regimes are governed by the following Markov state transition matrix 
Considering an ALM problem that aims at finding an optimal investment allocation and contribution level so that we have, on average, over-funding (F (t) > AL(t)) and under-contribution (C(t) < N C(t)) over the time period [1; 30] , we set the following weights δ i (t) = 0.3, ξ i (t) = 0.7, ρ i (t) = 0.04 and i (t) = 0.01, related to the performance criterion function (1) . For the dynamics of the benefit and the actuarial liability, described in (2), we consider the following parametersψ i (t) =φ i (t) = 1.03 and ψ i (t) = φ i (t) = 0.1. Finally, we set α = 0.96, F (1) = AL(1) = 16.29, B(1) = 1 and, for simplicity, N C(t) = 1.47. The results are presented in Figure 1 . simulations (the values have been computed from simulations of the market return and the market regime over the time period [1; 30] ). Recalling that the goal is to find the optimal investment allocation U = (U(1), . . . , U(T − 1)) and the contribution level C = (C(1), . . . , C(T − 1)), so that we have (on average) over-funding and under-contribution over the time period [1; T ], we can see from Figure 1 (b) that it has been achieved. Moreover, as expected, note from Figure 1 (a) that in general we have under-contribution (over-contribution) when over-funding (under-funding) occurs.
Conclusion
This paper deals with the asset liability management (ALM) problem for a defined benefit pension plan in a regime-switching economy, which aims at finding an optimal investment allocation and contribution level so that we have, on average, over-funding and under-contribution over a time period. The market regime process is modeled by a discrete-time Markov chain with finite states. The problem is solved from a Markov jump linear quadratic optimal control problem in a discrete-time and finite-horizon framework. The optimal solution is of a mode-dependent kind, that is, it depends on the mode of operation (regime) of the market along the time. The solution approach provides a numerically easy and ready to use formulation.
